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a b s t r a c t
This work presents numerical simulations of two ﬂuid ﬂow problems involving moving free surfaces: the
impacting drop and ﬂuid jet buckling. The viscoelastic model used in these simulations is the eXtended
Pom–Pom (XPP) model. To validate the code, numerical predictions of the drop impact problem for New-
tonian and Oldroyd-B ﬂuids are presented and compared with other methods. In particular, a benchmark
on numerical simulations for a XPP drop impacting on a rigid plate is performed for a wide range of the
relevant parameters. Finally, to provide an additional application of free surface ﬂows of XPP ﬂuids, the
viscous jet buckling problem is simulated and discussed.
 2011 Elsevier B.V. All rights reserved.
1. Introduction
Due to its inherent difﬁculties, the simulation of viscoelastic
free-surface ﬂow problems is one of the most interesting and chal-
lenging problems in computational rheology. The inﬂuence of the
free surface boundary conditions on the accuracy of the method,
and the numerical approximation of the hyperbolic constitutive
equation that governs the rheological behavior of the ﬂuid are
examples of such difﬁculties. Therefore, the development of meth-
ods that can deal with complex viscoelastic free surface ﬂows in
complex geometries is very demanding. An important problem in
this class of ﬂows is the simulation of drop impact of non-
Newtonian ﬂuids. In this ﬂow problem, a two-dimensional (2D)
circular drop falls under the action of gravity until it impacts a
solid surface and quickly deforms in a process where shear and
elongational properties of the ﬂuid play a critical role. The phe-
nomena of impact of liquid droplets on solid surfaces have been
widely studied by meshless schemes, as for example using the
Smoothed Particle Hydrodynamics (SPH) method. In this context,
Fang et al. [11] studied the simulation of falling drops of an Old-
royd-B ﬂuid while Raﬁee et al. [28] extended the incompressible
SPH method for solving these phenomena using non-Newtonian
models. More recently, Jiang et al. [17] used the SPH method and
presented a scheme that adds an artiﬁcial stress term to remove
the unphysical characteristics of fracture and particle clustering
in regions of ﬂuid stretching. To assess the performance of their
method, the authors simulated the viscoelastic drop impact and
spreading over an inclined rigid surface.
There are only a few papers on grid-based numerical methods
applied in the simulation of the ﬂow of a drop of a viscoelastic ﬂuid
impacting on a rigid surface. A relevant work dealing with the
numerical simulation of this problem for viscoelastic ﬂuids was
presented by Tomé et al. [37] using a ﬁnite difference method
(FDM). In the context of the Marker-And-Cell (MAC) method, the
authors solved the Navier–Stokes equations and the constitutive
law of an Oldroyd-B ﬂuid by a projection method employing the
full free surface stress conditions. The results obtained by Tomé
and co-authors have been used to study the qualitative behavior
of the simulations obtained by SPH methods, as for example in
[11,17,28]. Another numerical investigation of drop impact using
grid-based scheme was reported by Lunkad et al. [20], using the
volume of ﬂuid (VOF) method.
All the works described so far deal with the simulation of a fall-
ing drop of an Oldroyd-B ﬂuid. To the authors’ knowledge, in the
framework of FDM, there are no published works related to
the numerical investigation of the impacting drop problem using
the eXtended Pom–Pom (XPP) model. The original Pom–Pommod-
el was developed by McLeish and Larson [23], based on molecular
theory for branched polymers, and later was modiﬁed by
Verbeeten et al. [42] who proposed the XPP model. This eXtended
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Pom–Pom model possesses a non-zero second-normal stress dif-
ference coefﬁcient in steady shear ﬂow and removes the un-
bounded nature of the orientation equation at high strain rates.
This model provides a good ﬁtting of the rheology of polymer melts
and concentrated polymer solutions, and has been used in several
numerical works. Notwithstanding, some unphysical behavior has
been reported in steady shear and uniaxial elongational ﬂows un-
der certain ranges of the model parameters [9,16] especially for
sufﬁciently large values of the anisotropy parameter and with a
large number of branched arms of the Pom–Pom molecule. Jiang
et al. [18] recently studied the impact of liquid droplets on solid
surfaces using the multi-mode XPP model. In that work, the IM-
proved SPH method (IMSPH, see details of this method in [12])
was extended and tested in the simulation of viscoelastic free sur-
face ﬂows. However, in the context of the MAC approach, using ﬁ-
nite differences and staggered grids, numerical predictions of drop
impact of branched polymers have received relatively little atten-
tion, and to the authors’ best knowledge, this is the ﬁrst work to
employ grid-based numerical methods for simulating drop impact
using the XPP model.
In a previous work [25], an implicit ﬁnite difference methodol-
ogy was developed to simulate free surface ﬂows of XPP ﬂuids. The
problems investigated were the free surface ﬂow in a two-
dimensional channel and the extrudate swell problem of viscoelas-
tic ﬂuids. In the present work we study the impact of viscoelastic
drops and examine the inﬂuence of the various rheological param-
eters that characterize the XPP model. Moreover, the developed
numerical code is applied to simulate the jet buckling phenome-
non of XPP ﬂuids.
2. Mathematical formulation
Incompressible and isothermal ﬂows are governed by the equa-
tion of motion and the mass conservation equation which can be
written in dimensionless conservative form as [25]
@u
@t
þr  ðuuÞ ¼ rpþ b
Re
r2uþ hr  sþ 1
Fr2
g; in ½0; T X; ð1Þ
r  u ¼ 0 in ½0; T X; ð2Þ
where t is the time, u is the velocity vector ﬁeld, p is the pressure
and g is the gravity ﬁeld. In Eq. (1), s is the non-Newtonian part
of the extra-stress tensor which is deﬁned by an appropriate consti-
tutive equation. The dimensionless parameters Re ¼ qLUl and
Fr ¼ U= ﬃﬃﬃﬃﬃgLp are the Reynolds and Froude numbers, respectively,
where L and U are appropriate length and velocity scales, q is the
density and l is the zero shear-rate viscosity of the ﬂuid. X is a do-
main in R2 and [0,T] is a time interval. The stress tensor is normal-
ized as s = s0/(qU2), where s0 is the dimensional stress tensor. A
similar normalization is used for pressure.
For Newtonian ﬂuids we set b = 1 and h = 0. For modeling visco-
elastic ﬂuids, the XPP and the Oldroyd-B models will be used. In
such cases, b represents the solvent viscosity ratio, b=ls=l, where
ls is the solvent viscosity, and we use h = 1 in the momentum
equation. The non-Newtonian extra-stress tensor s is obtained
from an adequate constitutive relationship. The equations and
other details about the viscoelastic models used in this work are
presented in the next section.
To solve Eqs. (1) and (2), appropriate boundary conditions need
to be invoked. On solid boundaries (rigid walls), denoted by @X1,
no-slip conditions are applied, i.e,
u ¼ 0 on @X1: ð3Þ
On the inﬂow, denoted by @X2, the boundary conditions are given
by
n  u ¼ U and m  u ¼ 0 on @X2; ð4Þ
where n is a unit vector normal to the boundary, pointing to the
interior direction, and m is a unit vector tangent to the boundary.
On outﬂows, @X3, homogeneous Neumann boundary conditions
are applied.
The boundary conditions for the non-Newtonian stress tensor s
on @X1, @X2 and @X3 will be presented in Section 2.4.
2.1. Free surface boundary conditions
On the free surface, denoted by @X4, it is necessary to
impose boundary conditions for the velocity and pressure ﬁelds.
These conditions, in the absence of surface tension, are given by
[25]
n  r  nT ¼ 0 in @X4; ð5Þ
m  r  nT ¼ 0 in @X4; ð6Þ
where r is the total stress tensor, given by
r ¼ pIþ b
Re
ðruÞ þ ðruÞT
h i
þ hs: ð7Þ
In Eqs. (5) and (6), n = (nx,ny) represents a unit vector normal
and external to the surface, and m = (mx,my) = (ny,nx) is a unit
vector tangent to the free surface. For two-dimensional Cartesian
coordinates, Eqs. (5) and (6) are written, respectively, as
p b 2
Re
@u
@x
n2x þ
@v
@y
n2y þ
@u
@y
þ @v
@x
 
nxny
 
¼ h n2xsxx þ 2nxnysxy þ n2ysyy
 
on @X4; ð8Þ
2nxny
@v
@y
 @u
@x
 
þ n2x  n2y
  @u
@y
þ @v
@x
 
¼ hRe
b
nxnyðsxx  syyÞ þ n2y  n2x
 
sxy
h i
on @X4: ð9Þ
In time-dependent free surface ﬂows, apart from the numerical
solution of the Navier–Stokes equations, it is also necessary to
track the position of the free surface, or surfaces, where conditions
(5) and (6) are applied, thus increasing signiﬁcantly the complexity
of the methodology. Based on the well known MAC method [15],
many numerical schemes have been developed with the objective
of solving such ﬂows. Examples of those numerical methods are:
SMAC [3], GENSMAC [34], SIMAC [4], the methods of Ushijima
[41], Kim and No [19], among others. More recently, improved
variants have been developed: for instance, Sousa et al. [32] used
the MAC method for 3D multi-ﬂuid ﬂows with free surfaces (and
interfaces); Ferreira et al. [13] presented numerical simulations
of turbulent free surface ﬂows based on MAC techniques;
Mangiavacchi et al. [21] implemented an effective technique for
dealing with axisymmetric and planar ﬂows when surface tension
is relevant; Ferreira et al. [14] adapted the MAC method to calcu-
late conﬁned and free surface ﬂows at both low and high Reynolds
numbers. A review on the MAC method was presented by McKee
et al. [22].
2.2. Computational grid, cell classiﬁcation and discretization of the free
surface
The mesh used by the present methodology is a rectangular
staggered grid, where the velocities are calculated at the cell faces
and all other quantities are computed at the cell center. A detailed
description of this arrangement can be found in [22,34]. A funda-
mental concept behind the MAC method is the classiﬁcation of
the grid cells according to their position relative to the ﬂuid, as
follows:
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 Empty Cell [E]: Cells that do not contain ﬂuid.
 Full Cell [F]: Cells that do not have any face in contact with
empty cells.
 Surface Cell [S]: Cells that contain ﬂuid and have one or more
faces in contact with empty cells.
 Boundary Cell [B]: Cells that belong to rigid boundaries.
 Inﬂow Cell [I]: Cells that simulate ﬂuid entrance into the
domain.
 Outﬂow Cell [O]: Cells that deﬁne ﬂuid exits of the domain.
This classiﬁcation of cells needs to be updated at each time step
as the ﬂuid moves in the domain. It allows for ﬂuid ﬂow visualiza-
tions and, more important, the tracking of the free surface location
where the boundary conditions can be precisely imposed. The
algorithm for re-labeling the grid cells as time evolves is based on
cell information only and the discretization of the free surface is
based on approximations of this surface by some speciﬁc conﬁgura-
tions. The full account of the cell labeling procedures, particle inser-
tion and deletion and the free surface discretization algorithms
were described in detail in previous works (e.g. [21,22,34,36]).
2.3. Viscoelastic models
In this work we are interested in simulating ﬂows of viscoelastic
ﬂuids which are governed by the following generic constitutive
equation, written in dimensionless form [25]:
@s
@t
þr  ðusÞ  ðruÞ  sþ s  ðruÞT
h i
¼ 2nD 1
We
ff ðk; sÞsþ n½f ðk; sÞ  1Iþ a
n
s  sg; ð10Þ
f ðk; sÞ ¼ 2
c
1 1
k
 
eQoðk1Þ þ 1
k2
1 a
3n2
trðs  sÞ
 
; ð11Þ
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1
3n
trðsÞ
s
; ð12Þ
where D is the rate of deformation tensor given by
D ¼ 1
2
ðruÞ þ ðruÞT
h i
: ð13Þ
The formulation deﬁned by Eqs. (10)–(12) is quite general as
both the XPP and Oldroyd-B models can be derived from it by
choosing appropriate parameters, as explained below. The Weiss-
enberg number is deﬁned as We ¼ k1UL , where k1 is the relaxation
time of the ﬂuid.
XPP model: In this case c ¼ k2k1 and n = (1  b)(ReWe)
1, where
solvent viscosity ratio is deﬁned as b ¼ lSl , with the total viscosity
of the ﬂuid given by the sumof a solvent and polymeric contribu-
tion, l = lS + lP. Additionally, lP = G0k1 and QQ0 = 2, where G0 is
the linear relaxation modulus, a is a parameter that controls the
anisotropic drag, and Q is the number of arms at the backbone
extremity of the Pom–Pommolecule.More details about the rhe-
ological behavior of XPP model can be found in [16,23,42].
Oldroyd-B model: This model is recovered by setting f(k,s) = 1
and a = 0 in Eq. (10) and disregarding Eq. (12).
As one can see from Eqs. (10)–(12), there are a number of
parameters that must be chosen before these models can be used
in practice. A detailed account of the choice of these parameters
and their signiﬁcance is presented in [1,2,16,27,38,39,43]. The
inﬂuences of the material properties in steady shear and
steady-state planar extensional ﬂow are displayed in Fig. 1 for a
number of ﬂuids used in the numerical simulations of this work.
2.4. Boundary conditions
Boundary conditions on the extra-stress tensor s are imple-
mented according to the ideas of [25,39]. In summary, we set
s = 0 on inﬂow @X2 and at ﬂuid exit @X3 we employ homogeneous
Neumann conditions (see [24])
@sij
@n
¼ 0; ð14Þ
where n denotes the normal direction to the boundary.
For solid boundaries @X1 we use the no-slip condition (u = 0)
and compute s directly from Eq. (10).
3. Implicit ﬁnite difference method for free surface ﬂows
The Navier–Stokes Eqs. (1) and (2) are discretized in time using
an Adams–Bashforth/Crank–Nicolson method as
uðnþ1Þ
dt
 b
2Re
r2uðnþ1Þ ¼ u
ðnÞ
dt
þ b
2Re
r2uðnÞ  3
2
r  ðuuÞðnÞ
þ 1
2
r  ðuuÞðn1Þ  rpðnþ1Þ
þ hr  s nþ12ð Þ þ 1
Fr2
g; ð15Þ
Fig. 1. Rheology of XPP ﬂuids. (a) Dimensionless shear viscosity as function of
dimensionless shear rate; (b) Trouton ratio as function of dimensionless strain rate
for planar extensional ﬂow (the shear viscosity in Tr is evaluated at _c ¼ 2 _e). Fluid A
(b = 0.1, a = 0.01, c = 0.8, Q = 4) is taken as the reference ﬂuid. In ﬂuids B–E only one
parameter is changed from the reference ﬂuid A. Fluid B: a = 0.5; ﬂuid C: b = 0.9;
ﬂuid D: c = 0.1; ﬂuid E: Q = 16.
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r  uðnþ1Þ ¼ 0: ð16Þ
In the incompressible Navier–Stokes equations, the continuity
equation functions as a restriction on the pressure ﬁeld so that
the incompressibility condition is satisﬁed. In practice, the linear
systems obtained for the velocities from the momentum equations
have to be solved coupled to the linear system arising from the dis-
cretization of the continuity equation, giving rise to a very large
system of linear equations. In order to circumvent this difﬁculty
and to reduce the size of this linear system, decoupling techniques
have been proposed by many authors. These techniques, known as
‘‘projection methods’’ and ‘‘fractional step methods’’, were ﬁrst
proposed by Chorin [7] and Temam [33] and have been extensively
used in numerical simulation of incompressible ﬂows.
The mathematical formulation of the projection method is
based on the Helmholtz–Hodge decomposition (cf. [6]) which
states that every smooth vector ﬁeld can be decomposed as a
sum of a gradient of a potential function and a divergence-free vec-
tor ﬁeld,
~u ¼ uþrw: ð17Þ
According to the ideas behind the projection method, a provi-
sional velocity ﬁeld ~uðnþ1Þ is calculated from,
~uðnþ1Þ
dt
 b
2Re
r2~uðnþ1Þ ¼ u
ðnÞ
dt
þ b
2Re
r2uðnÞ  3
2
r  ðuuÞðnÞ
þ 1
2
r  ðuuÞðn1Þ  rpðnÞ
þ hr  s nþ12ð Þ þ 1
Fr2
g; ð18Þ
where the boundary conditions for ~uðnþ1Þ are the same as those for
u(n+1) and p(n) is an approximation to p(n+1). The termr  sðnþ12Þ in Eq.
(18) is approximated by
r  s nþ12ð Þ ¼ 1
2
½r  sðnÞ þ r  sðnþ1Þ: ð19Þ
Details about the calculation of the non-Newtonian extra-stress
tensor will be discussed in Section 3.2.
Using the Helmholtz–Hodge decomposition (17), the ﬁnal
velocity ﬁeld can be decomposed as
uðnþ1Þ ¼ ~uðnþ1Þ  rwðnþ1Þ: ð20Þ
Taking the divergence of Eq. (20) and imposing mass conserva-
tion on u(n+1), one obtains the following Poisson equation for w(n+1)
r2wðnþ1Þ ¼ r  ~uðnþ1Þ: ð21Þ
The gradient of the potential w(n+1) is the minimum perturbation
that will make the ﬁnal velocity ﬁeld satisfy the incompressibility
constraint at the next time level. The boundary conditions for Pois-
son’s equation are w(n+1) = 0 on outﬂows while the homogeneous
Neumann condition is used for rigid boundaries and inﬂows. In
the next section, we describe how to obtain the boundary condi-
tions for w at free surfaces.
To obtain the ﬁnal pressure ﬁeld, we substitute Eq. (20) into Eq.
(18) and comparing it with Eq. (15) the following correction equa-
tion is obtained:
pðnþ1Þ ¼ pðnÞ þ w
ðnþ1Þ
dt
 b
2Re
r2wðnþ1Þ: ð22Þ
3.1. Calculation of pressure at free surfaces
According to Oishi et al. [25], the normal stress condition must
be discretized implicitly to construct a stable scheme for viscoelas-
tic free surface ﬂows. In this section, we follow the ideas of Oishi
et al. [25] and present a formulation for calculating the pressure
on the free surface. In this strategy, Eq. (8) is discretized implicitly
at time level (n + 1) by
pðnþ1Þ  2b
Re
@u
@x
n2x þ
@v
@y
n2y þ
@u
@y
þ @v
@x
 
nxny
 ðnþ1Þ
¼ h n2xsxx þ 2nxnysxy þ n2ysyy
 ðnþ1Þ
: ð23Þ
This equation couples the velocity and pressure ﬁelds, and the
non-Newtonian extra-stress tensor, at the time level (n + 1). How-
ever, we can use Eqs. (20) and (22) to decouple the velocity and
pressure from (23) obtaining new equations for the potential w
and velocity at the free surface. Details about this methodology
can be found in [25].
In summary, the equations for w(n+1) on the free surface are ob-
tained from
wðnþ1Þ
dt
 2b
Re
@2wðnþ1Þ
@y2
 !
n2x þ
@2wðnþ1Þ
@x2
 !
n2y  2
@2wðnþ1Þ
@x@y
 !
nxny
" #
 b
2Re
r2wðnþ1Þ
¼ 2b
Re
 @~v
ðnþ1Þ
@y
 
n2x 
@~uðnþ1Þ
@x
 
n2y þ
@~uðnþ1Þ
@y
þ @~v
ðnþ1Þ
@x
 
nxny
 
þ h½ðsxxÞðnþ1Þn2x þ 2ðsxyÞðnþ1Þnxny þ ðsyyÞðnþ1Þn2y   pðnÞ:
ð24Þ
The values adopted for the normal vector in Eq. (24) are n = (±1,0),
n = (0,±1), and n ¼ 
ﬃﬃ
2
p
2 ;
ﬃﬃ
2
p
2
 
. The non-Newtonian tensor sðnþ1Þ is
an approximation for s(n+1), as it will be described in the next section.
3.2. Solving the non-Newtonian extra-stress tensor
In order to obtain an accurate method for viscoelastic free
surface ﬂows, the constitutive Eq. (10) for the non-Newtonian ex-
tra-stress tensor s is discretized using the second-order accuracy
Runge–Kutta (RK21) method, as follows.
First, Eq. (10) is re-written as
@s
@t
¼ Fðu; sÞ; ð25Þ
where
Fðu; sÞ ¼ ðruÞ  sþ s  ðruÞT
h i
þ 2nD ½r  ðusÞ
 1
We
f ðk; sÞsþ nðf ðk; sÞ  1ÞIþ a
n
ðs  sÞ
	 

: ð26Þ
The next step involves the calculation of an intermediate non-
Newtonian extra-stress tensor sðnþ1Þ by explicit forward Euler
discretization,
sðnþ1Þ  sðnÞ
dt
¼ FðuðnÞ; sðnÞÞ: ð27Þ
The ﬁnal non-Newtonian extra-stress tensor s(n+1) is obtained solv-
ing the following equation:
sðnþ1Þ  sðnÞ
dt
¼ 1
2
FðuðnÞ; sðnÞÞ þ Fðuðnþ1Þ; sðnþ1ÞÞ : ð28Þ
3.3. Scheme for moving the free surface
To move the free surface, each particle is convected by the
velocity ﬁeld, from their position xn at t = tn to the position xn+1
at t = tn+1, in agreement with
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dx
dt
¼ u: ð29Þ
In previous works [26,38–40] for simulating viscoelastic free
surface ﬂows using a MAC-type scheme, Eq. (29) was solved using
an explicit forward Euler scheme,
xnþ1  xn
dt
¼ u xn; tnþ1ð Þ: ð30Þ
The results were satisfactory for the viscoelastic models used (Old-
royd-B, Phan-Thien-Tanner, etc.). However, the numericalmethodol-
ogy used in those works was based on a fully explicit discretization,
anddue to stability restrictions, the time stepallowedwasvery small.
In the present work, when the implicit techniques are applied, it is
possible to update the solution with a signiﬁcantly larger time-step.
Consequently, a stable and more accurate scheme is necessary to
move the particles according to Eq. (29). For this purpose, we use
the second-order RK21 scheme to solve Eq. (29):
x xn
dt
¼ u xn; tnð Þ; ð31Þ
xnþ1  xn
dt
¼ 1
2
u xn; tnð Þ þ uðx; tnþ1Þ½ ; ð32Þ
where the velocities are calculated at the required positions using a
bilinear interpolation from the nearest values in the mesh. The x is
an intermediate position (predictor) for the more accurate calculus
using Eq. (32).
4. Numerical results
In this section we present numerical results of unsteady visco-
elastic moving free surface ﬂows. To demonstrate the capability of
the numerical technique, simulations of the impact of a liquid
droplet on a rigid plate and numerical predictions of buckling of
viscoelastic liquid jets were performed.
4.1. Impacting drop: Newtonian and Oldroyd-B ﬂuids
In the impacting drop problem we simulate the time evolution
of the shape of a falling drop of liquid, starting from a position at a
distance H above a stationary plate.
This problem is interesting and particularly useful to assess the
efﬁciencyand to validate numerical schemes formoving free surface
ﬂows. Thus, to validate the numerical method described in previous
sections, an analysis presenting comparisons with other numerical
methods using Newtonian and Oldroyd-B ﬂuids is presented.
The following data were used in the simulations: drop diameter
D = 2 cm; initial velocity of the drop U = 1.0 ms1; height of the
drop to the plate H = 4 cm; gravity is acting downwards with
g = 9.81 ms2, corresponding to Fr = 2.26 and Re = 5.0 (with
L = D = 0.02 m). For the Oldroyd-B model, the dimensionless
parameters used were Re = 5.0, We = 1.0, and b = 0.1.
To illustrate the different phases of the impacting drop ﬂow
problem, the time evolution of an Oldroyd-B drop is shown in
Fig. 2.
Figs. 3 and 4 display the width of the Newtonian and Oldroyd-B
ﬂuid drops, respectively, obtained using the proposed method and
in previous works [11,17,28,37] as function of the dimensionless
time t = t⁄U/L. In order to study the convergence of the numerical
method with mesh reﬁnement, we simulated these problems using
the following meshes: M1 (156  156)-cells (dx = dy = 0.05 cm);
M2 (312  312)-cells (dx = dy = 0.025 cm) and M3 (624  624)-
cells (dx = dy = 0.0125 cm). For the Newtonian ﬂuid we used
dimensionless time-step sizes of 2.0  103, 1.0  103 and
5.0  104 for meshes M1, M2 and M3, respectively, while for
the Oldroyd-B model we adopted dt = 2.0  104, 1.0  104 and
5.0  105.
Figs. 3 and 4 show that the results obtained with the present
methodology for three meshes with different reﬁnement levels
are in good agreement with results published in the literature
and show a good convergence with mesh reﬁnement. In particular,
the maximum deviation between meshes M1 and M3 shown in
Fig. 3 is only 2.5%; thus in the remaining simulations, mesh M1 will
be used in order to reduce the computational times.
In summary, the implicit ﬁnite difference method used in this
work can simulate accurately the free-surface evolution of the
impacting drop problem of complex ﬂuids.
4.2. Impacting drop: XPP model and inﬂuence of the model parameters
In this section we employ the numerical method to simulate the
impacting drop problem for various values of the non-dimensional
parameters of the XPP model.
The data used for simulating the impacting drop of the XPP ﬂuid
is the same described in Section 4.1. The parameters were varied as
follows (in all cases Fr = 2.26):
 Inﬂuence of Re (model 1): We = 1.0, a = 0.01, b = 0.1, c = 0.8,
Q = 4, various values of Re.
 Inﬂuence of We (model 2): Re = 5.0, a = 0.01, b = 0.1, c = 0.8,
Q = 4, various values of We.
 Inﬂuence of b (model 3): Re = 5.0, We = 1.0, a = 0.01, c = 0.8,
Q = 4, various values of b.
 Inﬂuence of a (model 4): Re = 5.0,We = 1.0, b = 0.1, c = 0.8, Q = 4,
various values of a.
 Inﬂuence of c (model 5): Re = 5.0, We = 1.0, a = 0.01, b = 0.1,
Q = 4, various values of c.
 Inﬂuence of Q (model 6): Re = 5.0, We = 1.0, a = 0.01, b = 0.1,
c = 0.8, various values of Q.
In the ﬁrst two sets of simulations (model 1 and model 2) we
also investigated the convergence of our numerical scheme with
mesh reﬁnement, using meshes M1 and M2 (see previous section).
For all other models we only used mesh M1 since it provided accu-
rate results and reduced substantially the required CPU times.
Figs. 5–10 show the time evolution of the width and height of
the XPP ﬂuid drops for the six models analyzed. The rheological
properties of the ﬂuid do not inﬂuence the drop shape during the
fall, but become very important after the drop hits the bottomwall.
Initially, we investigate the inﬂuence of the Reynolds number
Re on the impacting drop problem for a XPP ﬂuid. The results of
these simulations are plotted in Fig. 5 for 1.0 6 Re 6 10.0. We ob-
serve that the width of the drop is signiﬁcantly increased while
the height of the drop decreases as Re increases. This ﬂow behavior
is a consequence of the decrease of viscous forces relative to iner-
tial force, leading to a quicker spreading of the drop when it
reaches the bottom surface. Moreover, since the numerical results
shown in Fig. 5 for meshes M1 and M2 are similar (maximum
deviation is approximately 3%), this demonstrates the good conver-
gence of the numerical method with mesh reﬁnement.
In terms of the inﬂuence of viscoelasticity, we observe in Fig. 6
that increasing the Weissenberg number, We, leads to an increase
of the width, and consequently a decrease of the height of the drop.
The faster spreading of the drop is a direct consequence of the
enhancement of shear thinning as We increases (cf. Fig. 1). In
Fig. 6 we also include the predictions in mesh M2 for the minimum
and maximum Weissenberg numbers (We = 0.5 and We = 20.0).
The numerical results obtained in both meshes display good agree-
ment, with maximum difference below 3%.
The inﬂuence of solvent contribution on the impacting drop
problem is analyzed in Fig. 7, for varying b in the range [0.1,0.9].
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Increasing the solvent viscosity ratio, b, leads to a reduction of
shear thinning, thus approaching the Newtonian ﬂuid behavior.
As a consequence, and in agreement with the results from Fig. 6,
we observe a slower spreading of the drop on the bottom surface
when b increases. Moreover, for b values close to 1 the results
are very similar to those obtained with a Newtonian ﬂuid (cf.
Fig. 3).
The inﬂuence of the anisotropy parameter a on the time evolu-
tion of the width and height of the XPP ﬂuid drop is illustrated in
Fig. 8a and b, respectively. By varying a from zero (zero second-
Fig. 2. Numerical simulation of the impacting drop problem using the Oldroyd-B model (Re = 5.0; We = 1.0; b = 0.1; Fr = 2.26) on mesh M1. Illustration of the drop shape and
u-velocity ﬁeld for different dimensionless times: (a) t = 1.3, (b) t = 2.0, (c) t = 2.4, (d) t = 2.7, (e) t = 4.0, (f) t = 5.9, (g) t = 6.6, (h) t = 6.8, (i) t = 7.1, (j) t = 11.2.
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normal stress difference coefﬁcient) up to a = 0.5 only marginally
affects the ﬂow behavior, leading to a small increase on the rate
of spreading of the ﬂuid drop (increase in the width and decrease
of the drop height). This result is compatible with the small
inﬂuence of a on the shear and extensional viscosities, as
shown in Fig. 1 (compare curves A and B for a = 0.01 and 0.5,
respectively).
The inﬂuence of the c parameter is shown in Fig. 9, while the
number of arms of the Pom–Pom molecule (Q parameter) is
analyzed in Fig. 10. In both cases we observe a slower spreading
of the XPP drop when both c and Q increase, in agreement with
the increase of the shear viscosity, as shown in Fig. 1. Interestingly,
for the Q parameter, the inﬂuence is relatively small (even for the
limiting case of a linear polymer, Q=1), despite the signiﬁcant in-
crease of the Trouton ratio for Q = 16. This result indicates that
the shear viscosity has a more important inﬂuence on the spread
of the liquid drop, than the extensional viscosity of the ﬂuid.
4.3. Jet buckling problem
To demonstrate the ability of the numerical method to predict
ﬂow instabilities, we have also investigated numerically the jet
buckling phenomenon. This problem was intensively studied by
Cruickshank and Munson [10], who observed experimentally the
inﬂuence of the relevant dimensionless parameters on the buckling
of a Newtonian ﬂuid jet, namely the Reynolds number Re, and the
ratio H/D, where D is the diameter of the tube and H is the distance
between the exit of the tube and the bottom of the container. More
recently, Ribe and co-workers [29,30] also reported important
experimental results for jet buckling ﬂows.
In the numerical community, the study of the jet buckling
phenomenon has been performed by Tomé et al. [35,39] using a
marker-and-cell ﬁnite difference method and by Bonito et al. [5]
combining a ﬁnite element formulation with the method of charac-
teristics. In the context of the SPH method, Raﬁee et al. [28] pre-
sented numerical simulations of the jet buckling problem for
Newtonian and Oldroyd-B ﬂuids. More recently, Ville et al. [44]
analyzed the ﬂuid buckling using the level-set method while
Chung et al. [8] employed the ﬁnite element-front tracking method
to simulate viscous folding in microﬂuidics. An interesting compu-
tational study of continuous jets of non-Newtonian ﬂuids imping-
ing on a ﬂuid surface was undertaken recently by Roberts and Rao
[31]. These numerical methods analyzed the jet buckling problem
for Newtonian and/or Oldroyd-B ﬂuids. In this work, we consider
the jet buckling problem using the XPP model.
The following parameters were used in the present simulations:
container dimensions: 7.8 cm  7.8 cm; mesh size (156  156)-
cells, corresponding to dx = dy = 0.05 cm (a limited number of
simulations was also performed on a reﬁned mesh with
312  312-cells); thickness of the container: 0.15 cm; inlet width
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Fig. 3. Numerical prediction of the time variation of the width of a Newtonian drop
at Re = 5.0 and Fr = 2.26. Inﬂuence of mesh reﬁnement and comparison with
literature results [11,17,28,37].
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Fig. 4. Numerical prediction of the time variation of the width of an Oldroyd-B ﬂuid
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comparison with literature results [11,17,28,37].
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Fig. 5. Inﬂuence of Re: numerical predictions of the width (a) and height (b) of XPP
ﬂuid drop using model 1. Solid lines represent the results obtained on mesh M1 and
dashed lines the results obtained on mesh M2.
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(L): 0.4 cm; thickness of the inlet: 0.15 cm; height of the inlet to
the bottom of the container (H): 7.5 cm; initial velocity of the jet
at the inlet: U = 0.1 ms1; gravity acting downwards with
g = 9.81 ms2 (except when Fr is also varied). With these param-
eters we obtain Re = 0.01 and Fr = 0.50.
The simulations were performed for Newtonian, Oldroyd-B
and XPP ﬂuids. The common parameters for the Oldroyd-B
and XPP models were We = 20.0 and b = 0.1. Additionally,
a = 0.01,c = 0.9 and Q = 16.0 were adopted in the XPP model re-
sults. The time-steps used in the simulations were dt = 2.0  103
for Newtonian ﬂuid and dt = 2.0  104 for both viscoelastic
models.
Tomé and McKee [35] performed a series of numerical experi-
ments on this problem and showed that a 2D Newtonian jet will
buckle if conditions Re < 0.56 and H/D > 8.8 are both satisﬁed. In
the results shown in Fig. 11 we considered Re = 0.01 and H/
D = 18.75, thus it was expected to observe jet buckling for the
Newtonian ﬂuid.
Fig. 11 displays the free surface proﬁles obtained in the simula-
tions at selected dimensionless times, t = t⁄U/L, where t⁄ is the
dimensional time. As the ﬂuid exits the die, a signiﬁcant difference
between the viscoelastic jets and the Newtonian ﬂuid is observed.
The Newtonian jet is not strongly inﬂuenced by gravity, while both
viscoelastic jets are accelerated leading to a signiﬁcant reduction in
their width, thus reaching more quickly the bottom of the con-
tainer. After the jets impinged on the bottom of the rectangular
container buckling is observed in all cases, with the instability
occurring ﬁrst for the viscoelastic jets.
4.4. A new benchmark on the jet buckling problem
In this work we also propose a benchmark for the numerical
study of the jet buckling problem. This benchmark consists in mon-
itoring the distance (dist(t)) from the inlet to the tip of the ﬂuid jet
as a function of the dimensionless time (see Fig. 12). At the initial
time, t0, the distance is dist(t0) = 0.
To provide further evidence concerning the convergence of the
numerical method with mesh reﬁnement, we investigated the
evolution of dist(t) for the Newtonian, Oldroyd-B and XPP ﬂuids of
the previous Section, using two meshes: M1 (156  156)-cells
(dx = dy = 0.05 cm) and M2 (312  312)-cells (dx = dy = 0.025 cm).
In these simulations we set again Re = 0.01 and Fr = 0.50. From
Fig. 13, we can observe that the results obtained on meshes M1
andM2showsimilar convergence ratewithmesh reﬁnement forNew-
tonian, Oldroyd-B and XPP ﬂuids, with negligible differences observed
between both meshes. Based on these results, in the remaining simu-
lationsweusedmeshM1since it provides accurate results and reduces
the required CPU times. In addition, for the Newtonian case a higher
Reynolds number is also considered for comparison. The behavior of
dist(t) is signiﬁcantlydifferent for theNewtonianﬂuid,whencompared
with both viscoelastic models for the same Re = 0.01, as can be seen
from the results illustrated in Fig. 11. In particular, for viscoelastic
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Fig. 6. Inﬂuence ofWe: numerical predictions of the width (a) and height (b) of XPP
ﬂuid drop using model 2. Solid lines represent the results obtained on mesh M1 and
dashed lines the results obtained on mesh M2.
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Fig. 7. Inﬂuence of b: numerical predictions of the width (a) and height (b) of XPP
ﬂuid drop using model 3.
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models the jet thins with time, in a very similar way, and the tip of
the ﬂuid jet reaches the bottom of the container much earlier than
the Newtonian ﬂuid jet (see Fig. 11 at t = 8.8).
Using the proposed method, this ﬂow problem was also simu-
lated for various values of the non-dimensional parameters of
the XPP model and hydrodynamic parameters. To the authors’
knowledge, the inﬂuence of the XPP parameters on the jet buckling
problem has not been investigated before. Therefore, to provide
numerical data for benchmarking purposes, the behavior of the
function dist(t) was analyzed varying Re, b and Fr.
The geometric data used in the simulations of the jet buckling
phenomenon of the XPP ﬂuid were the same as described in
Section 4.3. In these simulations, mesh M1 was adopted with a
time step dt = 2.0  104. The rheological and hydrodynamic
parameters were varied as follows:
 Inﬂuence of Re (model 1): We = 4.0, Fr = 0.50, b = 0.1, a = 0.01,
c = 0.8, Q = 4, various values of Re.
 Inﬂuence of Fr (model 2): Re = 0.02, We = 20.0, b = 0.1, a = 0.01,
c = 0.9, Q = 16, various values of Fr.
 Inﬂuence of We (model 3): Re = 0.02, Fr = 0.50, b = 0.1, a = 0.01,
c = 0.9, Q = 16, various values of We.
 Inﬂuence of b (model 4): Re = 0.02,We = 20.0, Fr = 0.50, a = 0.01,
c = 0.9, Q = 16, various values of b.
 Inﬂuence of a (model 5): Re = 0.02, We = 20.0, Fr = 0.50, b = 0.1,
c = 0.9, Q = 16, various values of a.
 Inﬂuence of c (model 6): Re = 0.02, We = 20.0, Fr = 0.50, b = 0.1,
a = 0.01, Q = 16, various values of c.
 Inﬂuence of Q (model 7): Re = 0.02, We = 20.0, Fr = 0.50, b = 0.1,
a = 0.01, c = 0.9, various values of Q.
Initially, we analyze in Fig. 14 the inﬂuence of the Reynolds
number on the function dist(t) for model 1. It can be seen that
for low Re, viscous forces dominate over inertial forces, increasing
the resistance of the jet to thin and a quasi-linear variation of
dist(t) is observed. Increasing Re leads to a signiﬁcant acceleration,
resulting in a considerable thinning of the jet.
The Froude number inﬂuence on the time evolution of dist(t) is
shown in Fig. 15. Decreasing Fr leads to an increase of gravitational
forces, when compared with inertial forces, and as expected the tip
of the jet velocity increases with time and consequently the jet
thins progressively and dist(t) increases more quickly.
By varying the Weissenberg number, we illustrate in Fig. 16 the
inﬂuence of viscoelasticity. It is seen that for low values of We,
dist(t) tends to Newtonian ﬂuid behavior, while increasing We
leads to a more signiﬁcant thinning of the jet, resulting in a more
pronounced slope of dist(t) with time. The effect of b on dist(t)
was similar to the behavior obtained varying We (see Fig. 17),
namely, for values of b close to unity dist(t) approaches Newtonian
ﬂuid behavior while decreasing b results in an increase of elastic
effects.
Fig. 18 displays the inﬂuence of a on the function dist(t) for
model 5. No signiﬁcant inﬂuence is observed, since the curve dist(t)
is similar for all values of a. The results from models 6 and 7 were
similar (no ﬁgures are shown for compactness), and no signiﬁcant
variation of dist(t) was found for different values of c and Q in the
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Fig. 8. Inﬂuence of a: numerical predictions of the width (a) and height (b) of XPP
ﬂuid drop using model 4.
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ranges analyzed. This behavior contrasts with the steady state rhe-
ological curves shown in Fig. 1. In order to explain this behavior,
one should also analyze the transient extensional viscosity curves.
Before the jet reaches the bottom of the container, the ﬂow is
purely extensional and since the relevant time scale is smaller than
the relaxation time of the ﬂuid, the unsteady nature of the exten-
sional ﬂow needs to be taken into consideration. In such cases,
the steady-state extensional viscosity is not representative of the
transient ﬂow process. From the results shown in Fig. 18, an esti-
mate of the time that the jet reaches the bottom of the container
is t = t⁄U/L = 7, or t⁄/k1 = t/We = 0.35. If the jet velocity was constant
(i.e. no jet thinning occurred), then the time required to reach the
bottom wall would be t = 18.75. Therefore, we can estimate that
the average Hencky strain of the liquid jet (assuming as a ﬁrst
approximation that the jet has a constant width, that decreases
with time) when it reaches the bottom of the container is
eH = ln(18.75/7) ’ 1. Since eH ¼ _et ¼ k1 _eðt=k1Þ, the average strain
rate can be approximated by k1 _e ’ 1=ðt=k1Þ ’ 3. In Fig. 19 we
present the time evolution of the extensional viscosity for the ref-
erence ﬂuid A (b = 0.1, a = 0.01, c = 0.9, Q = 16) used in models 2–3,
and compare with ﬂuids B–E, where only one rheological parame-
ter is changed from the reference ﬂuid A: a = 0.2 in ﬂuid B; c = 0.2
in ﬂuid C; Q = 2 in ﬂuid D; b = 0.9 in ﬂuid E. The transient exten-
sional viscosities are calculated assuming an ideal planar extension
ﬂow at a constant dimensionless strain rate k1 _e ¼ 3. We can see
that, despite the steady-state extensional viscosities being quite
different, the transient extensional viscosity of all ﬂuids is very
similar for small times, except for ﬂuid E. For t⁄/k1 6 0.35 the
curves nearly collapse (except in ﬂuid E), thus justifying the similar
evolution of dist(t) for different values of a, c, and Q, but a different
behavior for the case when the solvent viscosity ratio b varies (as
illustrated by ﬂuid E in Fig. 19). The planar unsteady extensional vis-
cosity of an Oldroyd-B ﬂuid (b = 0.1) is also illustrated in Fig. 19. We
note that the steady-state extensional viscosity becomes un-
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Fig. 10. Inﬂuence of Q: numerical predictions of the width (a) and height (b) of XPP
ﬂuid drop using model 6.
Fig. 11. Numerical prediction of the jet buckling problem of Newtonian, Oldroyd-B
and XPP ﬂuids on mesh M1 at selected dimensionless times.
Fig. 12. Illustration of the distance of the inlet to the tip of the ﬂuid jet for two
dimensionless times, t1 and t2.
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bounded above k1 _e ¼ 0:5 for the Oldroyd-B model (as happens for
the case illustrated in Fig. 19), but the transient viscosity is bounded
for ﬁnite Hencky strains. As can be seen, at least up to t⁄/k1 = t/
We = 0.35 the transient viscosity of XPP ﬂuid A and the Oldroyd-B
model almost coincides, thus explaining the similar behavior re-
ported for dist(t) in Fig. 13 for both viscoelastic ﬂuids at Re = 0.01.
Once the tip of the ﬂuid jet reaches the bottom of the container
the buckling instability can occur, and the resulting ﬂow now
depends strongly on the rheological properties of the ﬂuid. Now
the shear rheology of the ﬂuid becomes very relevant, in a complex
way, as shown in the different types of ﬂow instability reported in
Fig. 20 for t = 30.
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Fig. 13. Time evolution of the jet length, dist(t). Comparison between Newtonian, Oldroyd-B and XPP ﬂuids. Solid lines represent the results obtained on mesh M1 and dashed
lines the results obtained in mesh M2.
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Fig. 15. Model 2. Inﬂuence of Fr on the time evolution of the jet length, dist(t).
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Fig. 17. Model 4. Inﬂuence of b on the time evolution of the jet length, dist(t).
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5. Conclusions
This paper reports the application of an implicit ﬁnite difference
method to solve two important free surface ﬂows of viscoelastic
ﬂuids: the impacting drop and jet buckling. The eXtended Pom–
Pom model was used and the inﬂuence of the relevant rheological
and hydrodynamic parameters on the two problems was analyzed.
For the impacting drop problem good accuracy with results from
literature was found for the Newtonian and Oldroyd-B models.
For the XPP ﬂuid, the numerical simulations showed that ﬂow iner-
tia, viscoelasticity, the solvent viscosity ratio b and the c parameter
are very important in the spreading of the ﬂuid drop after impact-
ing on the rigid surface. The other two parameters of the XPP mod-
el (a and Q) had a less important inﬂuence, and a good correlation
with shear thinning properties of the ﬂuid was observed. In the
second example studied, the viscous jet buckling problemwas sim-
ulated for a wide range of the relevant parameters. The thinning
process of the liquid thread was shown to correlate well with the
transient extensional viscosity of the ﬂuid. The jet buckling phe-
nomenon, that occurs after the jet impacts the bottom of the con-
tainer, was found to be inﬂuenced signiﬁcantly, and in a complex
way, by the rheological properties of the ﬂuid. Good convergence
with mesh reﬁnement was found for both ﬂow problems, demon-
strating the accuracy of the numerical results.
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Fig. 18. Model 5. Inﬂuence of a on the time evolution of the jet length, dist(t).
Fig. 19. Unsteady extensional viscosity of XPP ﬂuid for k1 _e ¼ 3. Fluid A is taken as
reference (b = 0.1, a = 0.01, c = 0.9, Q = 16). In ﬂuids B–E only one parameter is
changed from the reference ﬂuid A. Fluid B: a = 0.2; ﬂuid C: c = 0.2; ﬂuid D: Q = 2;
ﬂuid E: b = 0.9. The transient extensional viscosity of an Oldroyd-B ﬂuid (b = 0.1) is
also shown for comparison purposes (ﬂuid F).
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Fig. 20. Numerical predictions of the jet buckling problem of XPP ﬂuids on mesh
M1: (a) model 1, (b) model 2, (c) model 3, (d) model 4, (e) model 5, (f) model 6, (g)
model 7. The dimensionless time is t = 30.
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